Appearance of the valley-ridge inflection (VRI) point on the intrinsic reaction path (IRP) introduces geometrical instability of the reaction coordinate, and sometimes leads to two different product minima on the potential energy surface (PES). A significant role of the totally-symmetric VRI point on the IRP is discussed from the viewpoint of branching of the reaction pathway. As illustrative examples, ab initio calculations were performed to determine the IRP for XCHO -+ CH 3 Cl (X = H, CH 3 ) at the Møller-Plesset second-order perturbation theory (MP2) level with 6-31+G(d) basis sets, and geometric features of the PES around the IRP have been analyzed.
I. INTRODUCTION
Under the Born-Oppenheimer approximation [1] , the processes of chemical reactions are described as the motion of atomic nuclei on the potential energy surface (PES). In theoretical study of chemical reactions, the concept of reaction path has played a significant role for understanding the reaction mechanism. Fukui introduced a mathematical definition of the reaction path for an elementary reaction of the polyatomic system, which connects the first-order saddle point (corresponding to a transition state: TS) and two minima (corresponding to reactant and product) continuously on the PES [2] . The thus determined reaction path is referred to as intrinsic reaction coordinate (IRC) or intrinsic reaction path (IRP). Once the IRP is determined for a given elementary reaction, one could estimate the reaction rate by applying the variational transition state theory with the semiclassical tunneling method [3, 4] Miller, Handy, and Adams introduced the reaction path Hamiltonian for reaction-path based dynamics, which is represented in terms of a reaction coordinate, a set of transverse normal coordinates, and their conjugate momenta [5] .
In the reaction-path based dynamics, there are two cases where one should explore the PES more extensively far from the IRP. The first case is a highly-curved IRP. When the IRP is sharply curved in the configurational space, there increases a curvature coupling between the reaction coordinate and the transverse vibrational coordinate, which leads to the positive and negative centrifugal forces on atoms. The positive centrifugal force invokes the excitation of vibrational motions coupled strongly with atomic motions along the reaction coordinate, while the negative centrifugal force works to push the optimal tunneling path to the corner-cutting direction from the IRP. As to the former effect, Kato and Morokuma proposed the method to predict which vibrational modes are excited through the atomic motions along the IRP [6] . Truhlar and coworkers proposed various semiclassical tunneling models even for the sharply-curved IRP [3, 4] .
One of the present authors (TT) also introduced the reaction surface model in terms of the reaction coordinate and the curvature coordinate, to determine the optimal tunneling path for a polyatomic system [7] [8] [9] .
The second case is related to the instability of a reaction coordinate. When the potential-energy curvature with respect to some transverse vibrational coordinate turns its sign from positive to negative as proceeding along the IRP, geometrical feature relative to this direction is changed from the bottom of valley to the top of ridge (this point is referred to as valley-ridge inflection (VRI) point [10, 11] ). The negative potential-energy curvature indicates that molecular system proceeds along the ridge-path (thus, the reaction coordinate becomes unstable). Since the tangent vector of the IRP is defined in a direction of the negative energy gradient which belongs to the totally-symmetric representation of the molecular point group, the reaction coordinate is a totally-symmetric coordinate at non-stationary points [12] . According to this property, the reaction coordinate has no curvature coupling with non-totally-symmetric coordinates, and thus, VRI can be -3 -invoked with respect to the non-totally-symmetric vibrational coordinate (non-totally-symmetric VRI) [13] . If a ridge character of the IRP is conserved even at the terminal point, this terminal point is not a minimum but the TS which connects two symmetrically equivalent product minima with the lower symmetry. As to non-totally-symmetric VRI, there have been a lot of theoretical studies which focus on the nature of the PES [13] [14] [15] , formulation of the bifurcating reaction path [16, 17] , analyses based on the second-order Jahn-Teller (SOJT) theory [18] [19] [20] , dynamics simulation [21, 22] , and isotope effects on the bifurcating reaction pathway [22, 23] .
In this paper, we focus on the totally-symmetric VRI point, especially its significant role in the branching of products. In the section II, we introduce a reaction-path-based potential energy surface and describe that a projection technique to obtain vibrational frequencies along the IRP affects only the totally-symmetric vibrational modes. In the section III, we show illustrative applications to discuss the role of the totally-symmetric VRI in bifurcating reactions.
II. VALLEY-RIDGE INFLECTION ALONG THE REACTION PATHWAY
The IRP is defined as the steepest descent path in mass-weighted coordinates, starting from TS in both positive and negative directions of the imaginary-frequency normal mode [2] . At non-stationary points, the tangent vector of the IRP, v, is defined by the normalized energy gradient vector in mass-weighted coordinate as
where s is a reaction coordinate, and V is an adiabatic potential energy. Along the IRP, we can define a set of normal mode vectors which correspond to eigenvectors of the Hessian matrix H(s) in mass-weighted coordinate. If the molecule has a spatial symmetry, each eigenvector of the Hessian matrix can be classified according to the irreducible representations of the molecular point group.
Now we divide eigenequations of the Hessian matrix into totally-symmetric and non-totally-symmetric parts as follows,
where L i T and L i N are normal mode vectors of total-symmetry and non-total-symmetry, respectively,  i T and  i N are the corresponding eigenvalues (force constants), and n T and n N are the number of the modes of total-symmetry and non-total-symmetry, respectively. The sum of n T and n N is equal to 3N -6 where N is the number of atoms.
In the reaction-path-based dynamics for N atomic system, nuclear positions are described -4 -in terms of a reaction coordinate and 3N -7 normal coordinates. To define the basis vectors for 3N -7 normal coordinates which are orthogonal to the reaction-path tangent vector v(s), a component of v(s) needs to be projected out from the Hessian matrix. Equation (5) shows a definition of the projected Hessian matrix [5] ,
Since the reaction coordinate belongs to the total-symmetry representation, only the totally-symmetric eigenvectors are affected by this projection. The eigenequation for totally symmetric modes in equation (3) should be replaced with the following equations,
In equation (6) 
where c is the speed of light.
Using the basis vectors introduced above, nuclear positions can be represented by the reaction coordinate and 3N -7 normal coordinates, {s, Q 1 , ..., Q 3N-7 }. For a given nuclear configuration X (= 3N-dimensional mass-weighted Cartesian coordinates), one can define the closest point on the IRP (denoted as X IRP (s)) in the initial step (simultaneously the reaction coordinate s is determined). Then, normal coordinates can be determined by the following equations:
By applying the reverse transformation, nuclear coordinates can be expressed as follows.
Under the harmonic approximation to directions orthogonal to the IRP, the potential energy for X can be written as,
where V IRP (s) is the potential energy at s on the IRP. Equation (12) 
Due to this curvature coupling, even if
 changes its sign from positive to negative at some point, it should become again a positive value through a ridge-valley inflection point along the IRP, and the IRP would reach a minimum. This consideration suggests that the totally-symmetric VRI possibly appears in many reactions, but it is difficult to notice them because the IRP calculation finishes at the minimum point on the PES. One of the present authors (TT) previously examined the isotope effect on the IRP which accompanies a non-totally-symmetric VRI point on the way and finishes at the first-order saddle point [22, 23] . The molecular spatial symmetry can be easily reduced by an isotopic substitution in mass-weighted coordinates, and in the reduced symmetry, the non-totally-symmetric VRI can change to a totally-symmetric VRI. If the totally-symmetric VRI appears on the way of the IRP and the ridge character remains at the terminal stationary point, this
terminal should be a transition state which connects two product minima of different type. When this type of reaction pathway is realized, however, the energy gradient must approach zero while the molecule stays on the ridge region along the IRP. As far as we know, there has been only one report about this type of reaction pathway, i.e., the IRP for a geometrical transformation in the water trimer [26] .
In previous studies, a totally-symmetric VRI point was detected on the IRP for HCHO -+ CH 3 Cl, and two channels leading to different product minima were found in calculations of reaction pathway with different conditions [27] . Taking this reaction and its analogous reaction, 3 Cl, as examples, we perform detailed analyses of the IRP. The details will be described and discussed in a next section.
III. ILLUSTRATIVE APPLICATIONS
As illustrative applications, we examine an electron-transfer reaction, XCHO -+ CH 3 Cl, in which an electron is transferred from a ketyl radical anion to an alkyl halide [28] . Sastry and Shaik -6 -performed the steepest descent path calculation for the reaction, HCHO -+ CH 3 Cl, using non-mass-weighted internal coordinates and mass-weighted Cartesian coordinates at the spin-unrestricted Hartree-Fock (UHF) level, and noted that these calculations lead to different product minima, i.e., HCHO + CH 3 + Cl -(the cluster of electron-transfer products: C ET ) and OH 2 C-CH 3 + Cl -(the substitution: SUB(C)), respectively [27, 29] . This result suggests that the reaction pathway is very sensitive to the computational level and the pathway should go through the vicinity of the branching point of two different product minima. Yamataka, Aida, and Dupuis performed AIMD simulations for this reaction at the UHF level, and discussed the branching ratio of the products, C ET and SUB(C) [30] . Schlegel and coworkers also performed AIMD simulations considering the temperature effect on this reaction, and discussed the possibility of the stepwise process, HCHO -+ CH 3 Cl → C ET → SUB(C) [31, 32] .
In this study, we performed geometry optimizations of stationary points and IRP calculations for the reactions XCHO -+ CH 3 Cl (X = H, CH 3 ) at the spin-unrestricted Møller-Plesset second-order perturbation theory (UMP2) level with 6-31+G(d) basis sets. In IRP calculations, a step size of 0.1 bohr amu 1/2 was employed. Then, we performed normal mode analyses at points along the IRP, according to equations (4) and (6) . We also calculated changes of the Mulliken net charge and spin population of each atom, as well as the energy of the first-excited state, along the IRP. All calculations were performed using the GAMESS program package [33] . Figure 1 shows the scheme of electron transfer reactions between formaldehyde radical anion and methyl chloride. Initially these two molecules form a cluster (referred to as C R ), and then electron is transferred between these two molecules, leading to either one of two different product minima, SUB(C) or C ET , via the transition state, ET-TS. There is another channel from C R , which leads to SUB(O) via the transition state, SUB(O)-TS. Two minima, SUB(C) and C ET , are connected via the transition state, referred to as R AT -TS. The structure of ET-TS has C s symmetry in which HCHO approach CH 3 Cl with anti-conformation. The imaginary-frequency mode at this ET-TS belongs to A' representation, and so the molecular system keeps C s symmetry along the IRP.
III-A. HCHO -+ CH 3 Cl
The structure with eclipse-conformation of HCHO and CH 3 Cl (C s symmetry) has two imaginary-frequency modes (classified as the second-order saddle-point: SOSP) with the energy of 0.2 kcal/mol higher than ET-TS. One of two imaginary-frequency modes corresponds to atomic movement leading to SUB(C) or C ET , while the other corresponds to an internal rotation of the CH 3 group. The order in energy for the anti-conformation and the eclipse-conformation is changed if diffuse functions are not contained in the basis sets at the UMP2 level. This change was also observed in UHF calculations [29] . Through IRP calculations, it is verified that C R and SUB(C) are connected via ET-TS at the UMP2/6-31+G(d) level. The obtained SUB(C) has a C s -symmetry -7 -structure with no imaginary-frequency mode, while there is another minimum-energy-structure of SUB(C) with C 1 symmetry, which is 1.2 kcal/mol lower than the C s -symmetry structure. The difference in these C s and C 1 structures are just the position of Cl -atom relative to HCHOCH 3 .
The existence of these C s and C 1 minima indicates the possibility of appearance of the non-totally-symmetric VRI on the IRP of C s symmetry. It is found that R AT -TS also has a C s -symmetry structure with anti-conformation of HCHO-CH 3 . Then, the IRP starting from this R AT -TS keeps C s symmetry, leading to C ET and SUB(C) of C s symmetry. L modes become an imaginary number at s = 5.82 and 5.94 bohr amu 1/2 , respectively, although they become again a real number later. In the previous study on the same reaction, the totally-symmetric VRI occurs on the IRP just after passing the TS at the UHF level, and this VRI point is considered to be related to the branching of product minima [27] . As shown in Fig. 2 , the potential energy at s = 5.82 and 5.94 bohr amu 1/2 is much lower than the energy level at R AT -TS, and thus, the VRI points in Fig. 4 have no relation with the branching to SUB(C) and C ET . On the other hand, the frequency of During these processes, the hybrid orbital of C atom in CH 3 should change as sp
This picture is consistent with the recoil mechanism proposed by Shaik et al., in which two hydrogen atoms of the H 2 CO fragment flap against the methyl group in opposition to the C-C approach, and thus the C-C bond does not change as much but the C-Cl bond lengthens more rapidly [27] . The geometrical feature of the reaction-path tangent vector also appears as characteristic variations in net charges and spin populations at s = 0.8 ~ 1.5 bohr amu 1/2 (see Fig. 3 ). In the second step, vibrational frequency of the transverse normal mode leading to dissociations into HCHO + CH 3 + Cl -decreases rapidly, and the branching channel should be open.
In the previous study for reactions of H 2 CS → HCSH and H 2 CS → H 2 + CS [18] [19] [20] , the appearance of non-totally-symmetric VRI points along the IRP was explained by the second-order Jahn-Teller (SOJT) theory in which the non-totally-symmetric electronic excited state mixes with the totally symmetric electronic ground state through geometrical deformation in a direction of the non-totally-symmetric normal coordinate when these two electronic states approach each other in energy (vibronic interaction). This interaction sometimes invokes a change of geometrical feature of points on the IRP from the bottom of valley to the top of ridge. In the present case, the IRP for C R → ET-TS → SUB(C) keeps C s symmetry throughout, and the electronic ground state belongs to A' irreducible representation. Figure 7 shows variations of the ground-state (1 2 A') and excited-state (1 2 A") potential energies along the IRP calculated by the UMP2/6-31+G(d) method.
As shown in Fig. 7 , the excited state approaches rapidly the ground state with the energy difference of 4.8 kcal/mol at s = 5.7 bohr amu 1/2 , and their small energy difference is kept after this region (the energy difference in the terminal is calculated to be 3.6 kcal/mol). This feature indicates that the energy of the first-excited state is very close to that of the ground state in the product, OH 2 C-CH 3 .
Also, according to the SOJT theory, the non-totally-symmetric VRI around s = 5.82 bohr amu 1/2 should be invoked by the vibronic interaction between 1 2 A' and 1 2 A" states, which may be related to
the branching of C s and C 1 minima of SUB(C). As to the totally-symmetric VRI points, however, the mechanism of its appearance could not be explained by the SOJT theory because the interaction of the ground and first excited states of totally-symmetric representation is not forbidden at points on the IRP [18] [19] [20] .
III-B. CH 3 CHO -+ CH 3 Cl
The IRP analyses were also performed for an electron transfer reaction between acetaldehyde radical anion and methyl chloride (CH 3 CHO -+ CH 3 Cl), the scheme of which is shown in Fig. 8 . In this reaction one of H atoms of HCHO -in the previous reaction is just substituted with a CH 3 group, which results in C 1 symmetry of the total system. The reaction scheme is almost similar to that in HCHO -+ CH 3 , respectively, and become again a real number later. As shown in Fig. 9 , the potential energy at s = 0.75 bohr amu 1/2 is sufficiently higher than the energy level of R AT -TS, and therefore, the first totally-symmetric VRI just after passing the TS should play a significant role in the branching of the products. Figure 12 shows pictures of significant normal modes, bohr amu 1/2 . In this region, the reaction-path tangent vector changes its direction in the same way as that for HCHO -+ CH 3 Cl, in which CH 3 part in CH 3 Cl approaches to the planar structure, the planar CH 3 is transferred from Cl to the CH 3 CHO side, and CH 3 part changes again to non-planar structure to make the molecule CH 3 CHO-CH 3 . Simultaneously, the hybrid orbital of C atom in CH 3 changes as sp 3 → sp 2 → sp 3 . In the above second step, the branching channel to CH 3 CHO + CH 3 + Cl -will be open through the totally-symmetric VRI point. Mulliken charges and spin populations also show characteristic variations around this region in Fig. 10 .
As is described above, the reaction system has no spatial symmetry along the IRP for CH 3 CHO -+ CH 3 Cl, so the electronic states as well as molecular orbitals belong to A irreducible representation. In general, it is difficult to get the converged result for the excited state in C 1 symmetry by the UHF method, but we fortunately got the converged result for 2 , and their small energy difference is kept after this region (the energy difference in the terminal is calculated to be 4.2 kcal/mol). Thus, the energy of the first-excited state is very close to that of the ground state in the product, OCH 3 HC-OCH 3 .
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In the previous section, appearance of the non-totally-symmetric VRI point was explained by the SOJT theory, and simultaneously we pointed out the difficulty to understand appearance of the totally-symmetric VRI points based on the vibronic interaction between the ground and the first-excited state. Actually it is difficult to explain the appearance of the totally-symmetric VRI point at s = 0.75 bohr amu 1/2 in the present reaction by the SOJT theory, but the totally-symmetric VRI point at s = 6.03 bohr amu 1/2 could be understood as the result of the vibronic interaction between 1 2 A and 2 2 A electronic states (this VRI point may be related to the branching of two minima of SUB(C)). We should note that the present molecular system has approximately C s symmetry because only one of H atoms is substituted with CH 3 group in the C s -symmetry molecular system. In such a case, one may apply the SOJT theory approximately to interpret appearance of the totally symmetric VRI points on the IRP.
IV. CONCLUSION
In the present paper, we discuss the significant role of the totally-symmetric VRI points appearing on the IRP. Since the intrinsic reaction coordinate belongs to the totally-symmetric irreducible representation of the molecular point group, it has no curvature coupling with the transverse normal coordinates of non-total-symmetry, and thus the IRP starting from TS is sometimes connected with the second TS through the non-totally-symmetric VRI point. This type of VRI points were sufficiently studied since it is easy to find such cases in quantum chemical calculations. On the other hand, the totally-symmetric normal coordinates definitely have a curvature coupling with the reaction coordinate, and thus, even if the totally-symmetric VRI point appears on the way of the IRP, the valley character is usually recovered through the ridge-valley inflection point, leading to the product minimum. Therefore it is difficult to find the totally-symmetric VRI points. When there appears the totally-symmetric VRI point on the IRP, the molecular system with non-zero kinetic energy will possibly turn its direction on the way, and sometimes reach another minimum on the PES. that there is a totally-symmetric VRI point on the IRP for the first reaction (X = H) at the UHF level, but it is verified that this VRI point disappears at the UMP2 level. On the other hand, in the second reaction (X = CH 3 ), it is verified that the IRP has the totally-symmetric VRI point leading to two different product minima on the PES even at the UMP2 level.
The appearance mechanism of the VRI point was discussed by the SOJT theory. The -12 -energy of the first-excited state is calculated along the IRP, and it is shown that the non-totally-symmetric VRI point appears as the result of the vibronic interaction between the ground and the excited states. On the other hand, appearance of the totally-symmetric VRI point could not be explained by the SOJT theory, in general. However, in the present application for CH 3 CHO -+ CH 3 Cl, one totally-symmetric VRI point seems to be invoked by the vibronic interaction of 1 2 A and 2 2 A states, since the reaction system has approximately C s symmetry along the IRP.
In general, plural sets of products are generated simultaneously in the complex reaction, while only one set of products is generated in the elementary reaction. However, even in the elementary reaction, two different sets of products could be generated if there appear the totally-symmetric VRI points (or the region with the very low frequency in transverse modes) on the way of the IRP. Although the branching of products can be discussed only by dynamics simulations, one can expect different product channels from the vibrational analyses along the IRP. 
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